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Abstract. The authors have shown on the original economic problem that the
prime solution can be exactly solved by modern mathematical methods and
successfully expanded in order to obtain considerably more precise information on
the behavior of the model concerned. The expanded model can be and constructed
even under more complex assumptions and this allows a more detailed analysis of
economic process and add other possibilities to it. In the application part, a
specific economic-mathematical model shows construction of such a model and
possibilities of its solution. The paper aims to demonstrate how modern methods
can be used for solving differential methods with delayed arguments. From the
economic point of view, the hypothesis has been confirmed that the studied
"shipbuilding cycle", demonstrating the development of the total ship tonnage over
time, which is also influenced by the parameter of response’s intensity, is stable in
terms of small changes in the delay function.
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1 Introduction

Economics is a social science which seeks to investigate commercial activities
of companies and households, cash flow and production systems in a society.
Unlike other scientific fields, it is rather difficult in economics to carry out
experiments in a controlled environment and, subsequently, simulate specific
conditions in order to test new theories. Economists regard models as tools to help
them deal with particular problems; similarly mechanical engineers create models
to demonstrate how a specific system works, or biologists use models to illustrate
functions of internal organs of living organisms. Models, which are created on the
basis of observation of economic reality and acquired statistical data, are based on
mathematical disciplines such as numerical methods, statistics, optimization, linear
and dynamical programming, operational research, etc. Economic research
involves modelling process, analysis, and diagnostics, even solving problems using
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quantitative methods, as well as explanation and implementation in practice.
Therefore appropriate computer software is required.

When modelling complex economic problems, we are faced with a fact that
relations between individual quantities change over time. One way to include
dynamics of processes in models is to consider time as a continuous quantity and to
describe dynamical models using differential equations. The paper explores the
possibility of solving a dynamical economic model made up of differential
equations with delayed argument. The paper aims to demonstrate how modern
methods can be used for solving differential methods with delayed arguments and,
subsequently, how these solutions can be presented graphically by means of
appropriate software. In the application part, a specific economic-mathematical
model shows construction of such a model and possibilities of its solution.
Behaviour of the model is demonstrated by computer simulation. The authors
present the original model of the "shipbuilding cycle" by Jan Tinbergen and add
other possibilities to it. In the paper, the original model is replaced by a new model,
which expresses a real economic situation more precisely and even respects a non-
constant impact of the history of the factors considered. The equation of the model
is then solved using a modern theory of so-called functional differential equations,
a special part of which is a theory of linear differential equations with delayed
arguments. The paper further demonstrates the possibility of using Maple system
for graphical presentation of a solution of the extended model of Tinbergen's
"shipbuilding cycle".

2 Modelling in economics

The most prominent economists have their own definitions of the substance of
an economic model, some of which are mentioned below.

According to Samuelson and Nordhaus (2009) a model is a formal framework
for expressing basic features of a complex system by means of several important
relations. They further claim that models are usually presented in the form of
mathematical equations or graphs using mathematical software.

Begg, Fischer and Dornbusch(2000) state that a model or a theory creates a
series of simplifications which allow a solver to deduce probable behaviour in the
future. Hence, it is an intentional simplification of reality.

Economists and mathematicians have long been trying to use dynamic systems
in economics. Dynamical processes in economy and the existence of economic
cycles were identified by French physicist C. Juglar as early as the first half of the
19th century. All the research paved the way for a new direction in dynamic
economics. Half of the 20th century saw an immense development in science and
technology, primarily in electrotechnology, mechanics and chemical engineering,
but also in biology, ecology, medicine or mathematical economics; references can
be found for example in (Andreevaat all., 1992). Economic dynamics was studied
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by J. Schumpeter (1987), who was mainly interested in economic analysis of
dynamics which links economics, history and sociology.

In many real systems which are mathematically modelled by dynamic systems,
we are faced with a problem of delayed impact of some quantities modelled. In
their monograph, Kobrinskij and Kuzmin(1981) pointed out the necessity of using
values of quantities, in dynamic economic models, from the preceding time period,
so-called historic quantities, which impact the system development at a given time
and lead to changes in the character of the entire process. In his studies, Simonov
(2003) modified the existing micro and macro economical models this way and
took into account the delay between offer and demand. Another example of
adjusting a classical model can be a dynamical Vidal-Wolf’s model of single-
product sale, which can be found in (Dychta and Camsonjuk, 2003). Currently,
some authors adopt Kalecky's model using differential equations with delayed
argument (e.g. Collardat all. (2008)).

Study of various model situations, focus on simulating conditions, searching
for outcomes, optimal solutions and so on are among the most important current
trends. The paper loana et al. (2010) presents a new concept for Fuzzy Logic in
economic processes. In his paper Zhang (2012), investigated the sensitivity of
estimated technical efficiency scores from different methods including stochastic
distance function frontier. Many studies have been conducted in order to validate
the hysteresis hypothesis, e.g. Alonzo (2011).A New Keynesian model with fiscal
and monetary policies interactions is tested for Romanian economy in article
Caraiani(2012).

In Mancinis(2003) paper author study a difference partial differential equation,
arising from a financial model, whose solution represents the price of a security
linked to a dividend-paying stock.

Authors (Placek, 2013) applied Benford’s Law, especially on monthly data of
exports and imports of the Czech Republic for the period 1996-2012, which make
up the trade balance and use the Z test as the test criterion and the first and second
digits are tested.

Tinbergen and his solution of the "shipbuilding cycle" equation

In the 1930s Tinbergen (Tinbergen, 1959) focused on research into economic
cycles. In his works he aimed to describe the development of ships' total tonnage
over time. It is in this model that a differential equation was used in economics for
the first time.

The shipbuilding cycle serves as an example to illustrate the impact of a time
delay of some events on the time-consuming process of shipbuilding, building
construction, etc.

Let’s assume that the total tonnage is a function of time and it will be expressed
as y(t). A change in the total tonnage over time shall be y'(t). If in time t the total
tonnage is higher than usual, it means that freight rates will be lower and
construction of new ships will be gradually terminated (the total tonnage cannot be
negative). On the contrary, if in time t the total tonnage is lower than usual, the
freight rates will be higher and the shipyard will increase ships' tonnage. An
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increase or decrease in the total tonnage is dependent on the intensity of shippers’
response. For the purpose of further calculations, let's assume that the intensity of
the response is constant. Hence, shipbuilding or the rate of change in tonnage is
linked to tonnage in time t-4.

Tinbergen's equation according to (Tinbergen, 1959) is the following:

y'(t) = —ay(t —4),a >0, 1)

wheret is time, y is the total tonnage, 4 is a delay, a is the intensity of the
response, T is the end of the period in question. Then, function y(t) is the unknown,
sought-for function.

Analytical solution of these equations was not and could not be applied in
Tinbergen's paper, even with our contemporary knowledge. Tinbergen looked for a
solution in interval [0,T] not "methodically”, but by experimenting.

He assumed that solution vy is already given outside interval [0,T]:

y(@) = h(t),te(=4,0) )

where h(t) is a certain given function (let's suppose, for simplification, that the
function is continuous). Given the formulation of the problem it makes sense to
suppose that 4€0,T], while option 4>0 results in a problem without delay and

option A=T results in a problem where the solution is the integral of function h(t).
Applying this on the shipbuilding industry, Tinbergen assumes that the level of

the total tonnage of new ships is proportional to a delay in variance in tonnage with

one-year or two-year delay and a given constant intensity of the system's response.
The so-called initial period determines the relative importance of components.

Tinbergen further assumes that the meaning of bigger cycles will be greater if

smaller cycles are not distinguishable in the initial period. In this case, periods

shorter than two years 4<2 connected with the mechanism described can be
considered insignificant.
Tinbergen characterizes four cases depending on values of multiplication of

parameters a and A:

e ad <1/e =~ 0.37in other words, if the delay and the intensity of the response
are small, there won't be any cyclical movement but only a one-sided
adjustment to equilibrium y(t)=0, which corresponds with the trend,

e aAdAe(0.37,m/2)we will obtain a damped sinusoid (damped sine wave), i.e.
gradual approximation towards equilibrium by steadily decreasing amplitude
of the fluctuations,

e ad = m/2we will obtain a clear sinusoid, i.e. cyclical movement with
constant amplitude,

e aA> m/2we will obtain a sinusoid with an amplitude increasing over time.
Tinbergen’s findings correspond to findings of duly derived mathematical

statements (e.g. Marusc¢iak and Olach (2000)).
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3  Differential equations with delay

Mathematical models in economics often employ differential equations and
their systems, the solutions of which, complying with certain conditions, simulate
the behaviour of economic attributes over time t. In general, these are problems
concerning solvability, attributes or problems dealing with solution of systems of
generally non-linear ordinary differential equations,

x'1(0) = fi(t, X1 ®), ..., Xn (D),

- @)
x,n(t) = fn(t' X1 (t), e xn(t))ﬁ
complying with so-called boundary value conditions
hl(Xll ...,Xn) = 0,
= (4)

h, (X4, ..., Xp) =0,

in which functions f;, ..., fand so-called functionalsh,, ..., h,meet justified
requirements in the theory of such problems. At the same time, preconditions of the
given problems determine the attributes of the problem's solution (3), (4) ranging
from "classic" (all components are continuous or continuously differentiable
functions of independent variable t), via Carathéodory's solution in the first half of
the 20th century (components of the solution are continuous but its derivation does
not have to necessarily exist in the "zero level set"), to a so-called generalized
solution whose components can be only partly Carathéodory’s ones (studied since
the second half of the 20th century).

To clarify — the graph of the classic solution is a "smooth" curve (a tangent can
be drawn in each point of the curve), the graph of Carathéodory’s solutions is a
continuous curve with points where a tangent cannot be drawn (points, tips) and the
graph of the generalized solution is a curve made up of "broken" curves of the
previous types.

Figure 1.a) Classic sol., b) Carathodory’s sol., ¢) Generalized sol. Source: own

/\/\//\m/\/\/\“/\

b) c)
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By employing vector specification x = (x;))’L,, f = (f)i=,, ah = (k)i
problems (3) and (4) can also be written as

X' (@) = f(tx(®), h(x) =0 (5)

As the theory of differential equations states, every higher-order differential
equation can be represented by an equivalent system (3) and boundary conditions
for the solution in question in form (4). At the same time, studying problems for
higher-order differential equations (systems) in the initial form may lead to an
"easier" and "more detailed" solution's description. Problems (3), (4) will be
considered for our purposes. It should be mentioned that special examples of
system (3) are linear and quasilinear systems and special examples of boundary
conditions (4) are so-called initial conditions.

(%1 (tno))i=1 = (c)i=1,

x(to) = ¢, (6)

resp.

where ¢ = (c¢;)j-,is a vector of real constants.

Mathematical models used in order to describe economic processes have long
used and still extensively use the "classic" model of problem (3), (4). As new
methods of "Carathéodory’s theory" of differential equations developed and the
general theory of so-called functional differential equations emerged and
developed, new mathematical models taking into account even the real economic
relationships have been emerging since the second half of the 20th century. Let us
now analyze the above mentioned Tinbergen's problem using the modern theory of
so-called functional differential equations, a very special part of which is also the
theory of linear differential equations with delayed argument. An extensive and
complex analysis of such equations can be found mainly in (Azbelev, 2003).

Available literature dealing with solvability of systems of differential equations
with delayed arguments, which can be applied also in economic practice, includes a
wide range of practical and useful findings. Conditions of solvability (i.e. existence
and unambiguity) of given problems, both general and special, are subject to
detailed scrutiny, so are conditions for their correctness (i.e. little dependence of a
solution on "small" changes in initial conditions and parameters required for a
numerical solution), conditions for nonnegativeness of a solution and others,
including description of the method used to obtain a solution.

The general theory, which makes it possible to solve not only the above
mentioned problems, but also others, can be found, for linear example, in
monograph (Kiguradze and Pdza, 2003). The theory for a non-linear example was
covered in studies published in magazines by both authors. An application on the
above mentioned types of differential equations with delay, including the
description of the way the desired solution was designed can be found in for
example (Kuchyiikova and Manasek, 2006) and the cited bibliography.
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Although solutions of specific differential equations with delay were first
mentioned several centuries ago, it was not until the middle of the 20th century that
a systematic theory of such equations was developed. It is reflected in the
procedures used to obtain solutions of these equations applied in practice. First
methods were based on an analogy with solutions of classic differential equations
(the Euler method, Runge-Kutta etc.). However, due to their "localness" those
methods are not regarded as appropriate for solving "global" problems of
functional differential equations. An adequate procedure is to apply a fixed-point
theorem, which corresponds to the concept of the entire theory of problems for
functional differential equations and which is also applied in this paper.

4 Extension of Tinbergen's equation and its solution employing modern
methods

Thanks to the current range of possibilities provided by functional analysis and
the theory of differential equations with delay, a method is available presently
which can be used to solve a considerably more general mathematical model,
providing us with a wider range of findings, including comparison of various
parameters' impact.

Let us focus on a problem stemming from the original Tinbergen's equation:

y'(®) = —a®y(t —8(©),te [0,T] (7)
y(t) = h(t),t € [-4,0]. 8)

where functions a and ¢ are (for simplification) continuous on interval [0,7], ()
>0 for t € [0,T], A= tg[lngl](t— S(t))and h is a continuous function on interval

[—A,0]. If 8(t) =8 = 0(i.e. the invariable), then the equation (7) will be an
equation with constant delay and A= A. If, in addition, a(t)=a>0 (i.e. constant), it
is a differential equation with constant delay explored by Tinbergen.

In compliance with the theory of boundary value problems of functional and
differential equations quoted in the introduction, equation (7) seems to be a first-
order linear differential equation with generally variable coefficient and non-
constant delay. As functions ¢ and h are assumed to be continuous, the solution of
such an equation on interval [0,T] is a continuously differentiable equation (a
"classic" solution). It follows from the general theory of boundary value problems
of functional differential equations [15] that every initial problem, i.e. solving an
equation (7) complying with the initial condition (6) in form x(0)=c (where c is a
vector of real constants), is positively solvable and the problem is correct (i.e.
"small" changes in input data only lead to "small" changes in the solution).
Therefore it makes sense to employ numerical methods in order to obtain an
existing and the only possible solution. We shall use the procedure justified for
solving a certain category of boundary (value) problems of functional differential
equations in (Manasek, 2007). Specifically his Theorem 4.2.for solving a system of
functional differential equations in vector format.
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x'(t) =p)(©) + f(x)(t), t €[0,T] ©))
with an initial condition
x(0) =c (20)
follows.
Theorem 1

Let p > 0 that for all A€[0,1]and arbitrary solution x of the problem
x'(t) = p(x)(t) + Af (x)(0), t € [0,T], x(0) = Ac

satisfies the estimate||x||. < p.
Then the problem (9), (10) has at last one solution and for any xycontinuoust €
[0, T]there are sequences {x,, };=1 Of the solution of the problem

X'm() = pxm) (@) + f(xm-1)(0),
t € [0,T], x,,(0) = ¢ (11)

such that x for which ||x — x,,,||; = 0 for m — oo is a solution of the problem (9),
(10).

In this assertion, p and f are so-called operators, specific examples of which are
right sides of systems of ordinary differential equations, equations with delay and
others, and I.I_c is a norm in the space of continuous (vector) functions.

This assertion valid for one linear differential equation with one delay leads to
an assertion mentioned below concerning its solution, i.e. an assertion obtained by
selecting operators p and f (listed in Theorem 1).

In this paper, in order to solve equations (7), we shall use the method of
gradual approximations based on the fixed-point theorem of the operator
determined by an integral form of the initial problem. Specifically in this case, we
are seeking a solution of problems (7) and (8), i.e. a solution of a first-order
ordinary linear differential equation (7), with delay 6(t), initial condition y(0)=h(0)
and ,historic function“ h defined on interval [—E, 0], as a limit of arithmetic
progression {y,, }n=40f solution of problem without delay:

Y'n(®) = —a(®)yn-1(t — 8(0),t € [0,T] (12)
yn(t) = h(t)' S [_A! 0] (13)

while an initial function y_0 (t) can be a random function continuous on
interval [0,T] and starting from point [0, 2(0)].

In order to describe the below mentioned method of solution of problem (7),
(8) we shall employ the following function defined on interval [0, T]:
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1if (t—46(v)) €[0,T]

0if (t—6() ¢[0,T] (14

X[O,T](t - 5(0) = {

It enables us to write problem (7), (8) down the following way:

y' () = —a®xjom(t — 8))y(t - 8(V)
—a(t) (1 — xom(t— 8(t))) h(t—68(0),t€[0,T]  (15)
y(0) = h(0), (16)

Theorem 2

Let functions a anddbe continuous on interval [0,T] and function h continuous
on intervalA. Then the initial problem (7), (8) has got only one solution y and for a
random function y, continuous on interval [0,T] and each neN there is a
progression {y, }ao=,0f problem solutions

Y, (®) = —a®) o7 (t = () yn-1(t — 6())
—a(t) (1 — xpom(t — 6(t))) h(t —8(1)),t € [0,T],

y(0) = h(0),
so that y(t) = lim y,(t) on interval [0, T] evenly.
n—»>oo

In this paper we shall focus on the fact that in his study Tinbergen describes a
solution of equation (1) without considering ,,historic development “ over t < 0or
the fact that the length of a delay does not have be constant. If we proceed from the
assumption that known values from the past can be interpolated with a suitable
function, then a modern theory of differential equations with delay can be used and
the problem can be solved while taking into account even these facts.

5  Graphical solution of a model

5.1 Maple system

There are a lot of programs designed for solving complex mathematical
problems. Not only do more advanced mathematical programs enable solutions of
equations and work with algebraic formulae, but they can also be used for integral
and differential calculus, drawing graphs, work with units, interactive change in
documents, numerical calculus, etc.

Our requirement was that software should allow comfortable solutions of
differential equations and graphical presentation of findings. The authors of the
paper could choose between the R language, Matlab and Maple system.
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R language (or R project), a free software programming language, is a language
and software environment primarily designed for statistical computing. It allows
relatively easy programming of other applications including graphical output.

Matlab is a high-level language intended for technical calculations and an
interactive environment for development of algorithms, data visualization and
analysis, and for numerical computation. Programming language Matlab allows
fasters solutions of technical computation than common programming languages
such as C, C++ and Fortran.

Maple can be described as a multi-purpose mathematical software tool. It
incorporates a high-performance mathematical computing core with fully
integrated numerical computation and symbolic computation available from
WYSIWYG environment of a document. Maple environment secures fast and
available quantification, visualization, animation and simulation of real
phenomena.

It was thanks to a wide range of possibilities provided by Maple that the
authors of the paper decide to use it to solve a model.

Maple offers a function intended to solve differential equations using a method
of steps. Due to limitations of the method the function was not used, but the above
mentioned theories were transferred to a solution of differential equations with
delayed argument, which allows the authors to employ common numerical
procedures of solving ordinary differential equations available in Maple.

Graphical solution took advantage of the possibilities of "library plots", which
enabled graphical presentation of obtained solutions.

5.2 Solution under original initial conditions

In order to demonstrate possibilities of a new approach towards solution of the
original problem, let's suppose that "historic development™ before moment t=0 can
be simulated by function y = cos(t)The same (constant) time delay and
representation in one graph was used to allow easier comparison of particular
results for various values of parameter a. Parameter a was set based on Tinbergen’s
findings aA < 1/e,1/e < aA < m/2,aA = m/2 and aA > /2.

Specifically, the parameter shall be A4 = 2(which is the value that Tinbergen
started with).

The outcome of our solution, shown in Fig. 2., clearly corresponds to
Tinbergen’s findings. It is further supported by comparison of initial Tinbergen’s
drawing and the Maple output.
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Figure 2.ComparisonofTinbergen’s model and Maple output.
Source: Tinbergen,1959;ownwork
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5.3  Solution with variable delay
Let's proceed from the assumption that delay J(#) is not constant but it is a
function of time t. The assumption of a constant delay is artificial, in reality the
length of a delay will fluctuate. This is mentioned by Arlt and Radkovsky(2001),
who came to the conclusion that constant characteristics of a delay cannot be

expected during practical analysis of a delay of economic time series.
For example, let's assume that a delay can be expressed by function &(t) =

2,5+ 0,5sin(5t). Hence &8(t) € [2;3]for ¢t € [0,T],i.e. the delay will fluctuate
around 2.5 with amplitude 0.5 and it will be fivefold faster than a business cycle.

Parameter a shall be gradually set according to Tinbergen’s findings.

Figure 3. Model with non-constant delay. Source: own
work.

a=1.5 history |

——a=0.5-- a=0.75 ——a=|
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As follows from the comparison between the model with a constant delay and
the model with the above selected delay dependant on time t (Fig. 3.), the solutions
are similar to a certain extent, but the non-constantness of a delay is reflected in a
slight distortion of the solution. The selected delay only had 20 % amplitude unlike
the constant delay, and the non-constantness of a delay is shown primarily in the
initial period which is fully influenced by the past.

Figure 4.Cases | and IV withdifferentdelayfluctuations. Source: ownwork.

0 5
2 D
4
T T ]
5 10 15
: -6-
— - — fluctuations 1/12 ----- fluctuations 3/12 — - — fluctuations 1/12 ----- fluctuations 3/12
— — fluctuations 1/2 fluctuations 9/12 — — fluctuations 1/2 fluctuations 9/12
= history = history

As Fig. 4.shows, periodical function of delay 6(2) (simulating fluctuations usual
in economic time series), causes only slight distortions of our model unlike the
constant delay with function value d6(z). The figure shows graphs for cases I and 1V
and some cases for "fluctuating” delay. Such cases were selected which are still
real in economic terms. From the economic point of view, the hypothesis has been
confirmed that the studied "shipbuilding cycle", demonstrating the development of
the total ship tonnage over time, which is also influenced by the parameter of
response's intensity, is stable in terms of small changes in the delay function.

If the amplitude of delay exceeds limits set for the model with constant delay,
the impact of such delay will be more significant, i.e. assumptions I-1V concerning
the value of multiplication ad(z) will not be complied with.

6 Conclusion

Modelling dynamical models is not an autotelic process. It primarily aims to
obtain tools to analyze the behaviour of complex systems changing over time in
which experiments, for practical reasons, cannot be carried out. Unlike physics,
where at least some processes can be verified experimentally, such method is not
viable in economic processes. Therefore, modelling such processes in as detailed
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way as possible is one of few ways to study the behaviour of economic systems
under initial conditions.

In this paper, we have pointed out the possibility of employing the modern
theory of differential equations with delay in economic modelling. We have shown
on the original Tinbergen's problem that the original solution can be exactly solved
by modern mathematical methods and successfully expanded in order to obtain
considerably more precise information on the behaviour of the model concerned.
As was presented in the paper, the expanded model can be solved (under different
conditions) and constructed even under more complex assumptions or possibly
monitor the impact of particular parameters of a model on its solution. All this
allows a more detailed analysis of economic process.

Specific results have been presented as an example and thanks to
computational processing of the problem the results can be presented graphically.
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